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Abstract. A model of A'-homology with coefficients in a mapping cone using 
the framework of the geometric cycles of Baum and Douglas is developed. In 
particular, this leads to a geometric realization of /^-homology with coefficients 
in R/Z. In turn, this group is related to the relative ^-invariant via index 
pairings. 



1. Introduction 

The goal of this paper is the construction of a relative group in geometric K- 
homology. This construction is inspired by ideas of Baum and Douglas (see [5]), 
Karoubi (see [HJ Section 2.13]) and Stong (see [37J Chapter 1]). An application is 
the construction of geometric models for if -homology with coefficients; of particular 
interest is the coefficient group R/Z. The reader is directed to 20 (in particular, 
Section 6) for a discussion on the relationship between geometric if-homology and 
R/Z- valued index theory. The reader should also note that the starting point for 
the construction considered here was [20, Remark 6.12]. 

To motivate our construction, we briefly discuss various pairings between K- 
theory and if -homology. Let X denote a finite CW-complex, K*(X) its if -theory 
and K*(X) its if -homology. The index pairing between if -theory and if -homology 
is defined as a map K P {X) x K p (X) — > Z. It is useful to have an explicit realization 
of this pairing depending on the specific choice of cocycles used to model if -theory 
(e.g., vector bundles, projective modules or projections) and the specific choice of 
cycles in if- homology (e.g., Baum-Douglas cycles, Kasparov cycles, or Extensions). 
For example, in the context of projections and Kasparov cycles, the reader can 
find such a formula in 19 3 Section 8.2]. In fact, this formula (and many similar 
formulae) factor as follows: 

(1) K p (X)xK p (X)^K (pt)^Z 

where the isomorphism between K Q (pt) and Z is given (depending on context) either 
by the topological or analytic index map. 

It is natural to ask what the situation is for pairings in if -theory and if -homology 
with coefficients. As such, let if* (X; R/Z) denote the if -theory with coefficients 
in R/Z of X. There is now an index pairing K P (X; R/Z) x K P (X) ->• R/Z and (in 
[22j ) Lott showed that it is realized analytically by the relative rj- invariant. Needless 
to say, the relative ^-invariant is an important invariant which has been studied 
extensively since being introduced by Atiyah, Patodi, and Singer in |TJ[2l[3]. Based 
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on the discussion in the previous paragraph (in particular, Equation [T]) , one would 
like to write this pairing in the following form: 

(2) K p (X;R/Z) x K p (X) -> K (pt;R/Z) = R/Z 

Thus, to obtain a suitable geometric realization of this pairing, we need to under- 
stand Ko(pt;M./Zi) geometrically. 

Analytically, K*(X;R/Z) is given by KK *(C(X), SC^) where : C ^ N, N 
is a Ili-factor, and denotes the mapping cone of 0. More generally, we let 
<p : B\ — > B 2 be any unital *-homomorphism between (unital) C*-algebras, Bi 
and i?2- Our goal is the construction of a geometric model for if -homology with 
coefficients in the mapping cone of <fi. In other words, a geometric realization of 
the ifif -theory group: K K (C \X) , C ^) where is the mapping cone of </>. The 
connection between this framework and if -homology with coefficients is discussed 
in detail in Example 15.31 

Additional notation is required to review the Baum-Douglas model of if -homology 
and its generalization to if- homology with coefficients in a unital C*-algebra (i.e., 
a geometric model for KK(C(X), B) where B is a unital C*-algebra). Recall that 
X denotes a finite CW-complex. The C*-algebra of continuous -B-valued functions 
on X is denoted by C(X, B) and the Grothendieck group of (isomorphism classes 
of) finitely generated projective Hilbert £>-module bundles over X is denoted by 
K°(X;B). It is well-known (for example, see 26, Proposition 2.17]) that 

K°(X; B) = K (C(X, B)) £ K (C(X) ® B) 

We will refer to finitely generated projective Hilbert -B-modules bundles simply as 
_B-module bundles; all bundles in this paper are assumed to be locally trivial. The 
reader should recall (see El [3 HI IS] ) that a cycle (over X) in the Baum-Douglas 
model (for if- homology) is given by a triple, (M,E,f), where M is a smooth 
compact spm c -manifold, E is a smooth Hermitian vector bundle over M, and / : 
M — > X is a continuous map. Addition of cycles is defined using disjoint union. 
The geometric if -homology group (denote K Sf {X)) is given by equivalence classes 
of cycles under the relation generated by three elementary operations: disjoint 
union/direct sum, bordism and vector bundle modification. The reader can find a 
nice treatment of the construction of this model in [9] . 

This model has been generalized to produce models for KK(C(X), B) (recall 
that B denotes a unital C*-algebra); one replaces the vector bundle, E, with a 
(finitely generated projective) Hilbert B-module bundle. The operations, relations, 
and map to KK(C(X), B) are analogous to those on the original cycles of Baum 
and Douglas. Moreover, if cf> : B\ — » B^ is as above, then there is an induced map 

0* : KK(C{X),B 1 ) ->• KK(C(X),B 2 ) 

which is defined at the level of geometric cycles via (M, Eb x , /) i-> (M, Eb x ®<$, 
£?2, /)■ More details on this model can be found in |28j . 

Analytically (i.e., in the framework of C*-algebras), the mapping cone of 4> (de- 
noted C,),) leads to the following six term exact sequence: 

KK°(C{X),B 1 ) — ^-y KK°(C(X),B 2 ) ► K^iCiX),^) 



KK l {C{X),C4,) i KK 1 (C(X),B 2 ) <r^— KK l {C{X),B x ) 
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Two geometric models for KK(C(X),C<j,) are developed (see Sections [3] and SJ . 
A key part of both is the construction of an exact sequence of the same form as the 
one produced by the mapping cone construction (see Theorems 13.121 and 14.191) . 

The first model is defined using cycles of the form (M, \{Eb 1 , Fb 1 , <£>)], f) where 
M and / are as in the Baum-Douglas model and [Eb 1 , Fb x , <p] is an element in 
K (C(M)®C^,). We denote the associated if-homology group by K*(X; </>). While 
these cycles are defined in a natural way, it is unclear (to the author) how to 
naturally incorporate certain constructions from geometric if-homology into this 
framework - in particular, construction related to the bordism relation. For exam- 
ple, suppose (M, Fb 1 , /) is a geometric cycle in KK(C(X), B\) whose image under 
<fr* is a boundary; that is, (M,F Bl ®<j> £?2, /) = 8(W,Eb 2 , /)■ Based on the exact 
sequence in Theorem l3.12[ we have a cycle (M , [Eb 1 , Fb 1 , f] , g) such that 

(M, F Bl , /) ~ (M, E Bl , g)U(-M, F Bl , 5 ) 

(where " — " denotes taking the opposite spm c -structure) . However, it is rather 
difficult to explicitly find such a cycle. 

This consideration leads us to a second model which is defined using cycles more 
closely related to the bordism relation in geometric if-homology. The cycles in 
this model are given by (W, (Eb 2 , F Bl ,«),/) where W is a smooth compact spin c - 
manifold with boundary, Eb 2 is a Hilbert i^-rnodule bundle over W, Fb x is a 
Hilbert i?i-module bundle over dW, a : Es 2 \dw — Fb 1 ®0 B2, and / : W — > X is 
a continuous map. We denote the associated if-homology group by K*(X;(f)). It 
should be evident to the reader that the problem discussed in the previous para- 
graph becomes a non-issue for this model. Of course, the two models lead to 
isomorphic theories; we discuss an explicit isomorphism in Section [5j 

A summary of the content of the paper seems in order. In Section 2, we discuss 
the if-theory data required for each of our models. In Sections 3 and 4, the two 
geometric models for KK(C(X),C c j i ) are defined. An isomorphism between these 
two theories is given in Section 5. Finally, in Section 6, we specialize to the case 
of 4> : C — > N (where N is a Ili-factor). As noted above, this special case gives a 
geometric model for if -homology with coefficients in R/Z. 

We have assumed that the reader is familiar with the Baum-Douglas model for 
if -homology, the basic properties of Hilbert C*-module bundles, and some basic 
KK-theoty. The notation of [5], [3S], and (in particular, see Section 2 of 
this paper) are all used in this paper. Details on the "straightening the angle" 
technique can be found in |12j and (251 Appendix] . In Section [6j a construction 
which is similar to one in [3l Section 5] is discussed. This construction also uses 
the geometric model for if*(X;Z/fcZ) discussed in [13] and |14j . 

The reader will notice that the constructions in this paper are almost completely 
geometric (an exception is Section I3.2[) . Since the heart of index theory is the 
interaction between analysis and geometry, they may wonder if there is an analytic 
side to the constructions considered here. This is indeed the case; for a detailed 
development see [15) . Briefly, this work involves two main themes: 

(1) The construction of an explicit (i.e., defined at the level of cycle) isomor- 
phism from K*{X)<f>) to KK* +1 {C(X), C ); 

(2) Connecting the index map Ko(pt; K/Z) — > R/Z to higher APS-index theory 
(see [24] and references therein). 
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2. Some remarks on A-theory 

2.1. A-theory classes for the Karoubi type model. To begin, we recall the 
construction of a relative A-theory group in [3TJ Section 2.13]. In our context, this 
construction leads to a realization of the A-theory of a certain mapping cone (see 
Proposition ^. 21 below). As above, cf> : B\ — > B-2 is a unital *-homomorphism and X 
is a finite CW-complex. Let F(A; 4>) be the set of cocycles, (E, F, ip), where E and 
F are Si-module bundles over X and <p : E®$Bq, — > A®0£> 2 is an isomorphism of 
.B 2 -module bundles. Two cocycles (E, F, <p) and (E 1 , F', ip') are isomorphic if there 
exists an isomorphism of £>i-module bundles, f3\ : E — > E 1 and /3 2 : F —¥ F' , which 
fits into the following commutative diagram: 

E®aB 2 — F(gu£ 2 



0*(/3i) 



0*(/3 2 ) 



£' ®0 B 2 — ^ F' ® B 2 

A cocyle is elementary if E = F and a is homotopic to Id,Ets, 4> B 2 - We can add 
cocycles using direct sum. 

Definition 2.1. Let A°(A;0) be the quotient of T(X;(j>) by the equivalence re- 
lation e ~ e' if there exists elementary cocycles £ and e' such that e + e = e' + e' . 
Also let K 1 (X; </>) := K°(SX; (f) where SX is the suspension of X and A denotes 
reduced if -theory. 

The next proposition summarizes the basic properties of K*(X;4>) (see [2~T1 
Chapter 2] for details). 

Proposition 2.2. K*(X;<p) is an abelian group which is naturally isomorphic to 
A*(C(A) ® C^) where C$ is the mapping cone of (p. That is, 

C = {(/, h) e C([0, 1), B 2 ) © Br | /(0) = 0(&i)} 

In particular, Bott periodicity leads to the following six term exact sequence 



K {C{X)®B 1 ) — A (C(A)®B 2 ) — A^A;^) 

A°(A;0) A 1 (C(A)®B 2 ) <-^— K 1 (C(X)®B 1 ) 

The maps in this exact sequence are defined explicitly at the level of cocycles. For 
example, in the case of K°(X;<p), if u is a unitary in M n (B) and (E,F,ip) is a 
cocycle in A (A; <fi), then 

r{[u}) = [(A x A n , X x A n , u)} and d[E, F, tp] = [E] - [F] 

Remark 2.3. It follows from this proposition that K*(X; <fi) has many properties 
in common with A-theory. For example, this theory has a version of Thorn iso- 
morphism, is a module over A-theory, and if M is a compact spm c -manifold then 
K*(M; (f>) satisfies a form of Poincare duality; namely, 

K*{M;4>) £ KK*(C,C(M) ® C+) ^ PDm KK* +dtm{M) {C{M),C^) 
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2.2. A-theory classes for the bordism type model. In this section, we discuss 
the A-theory construction relevant for the second model for KK(C(X),C<j,). The 
results from this section will not be used until Section 01 

Definition 2.4. Let Q be a compact manifold with boundary (its boundary is 
denoted by dQ) and <f> : B\ — > B 2 be a unital *-homomorphism. Then 

C*(Q, dQ; cf) := {(/, g) e C(Q, B 2 ) ® C(dQ, B x ) \ f\ dQ = o g] 

The reader should note that C*(Q,dQ;4>) is a C*-algebra and fits into the fol- 
lowing pullback diagram: 

C*(Q,dQ;cj>) ► C(dQ,B x ) 




C(Q,B 2 ) — C{dQ 1 B 2 ) 
The next two propositions follow from |23[ Sections 2 and 3] . In regards to applying 
the results in [53], the reader should note that the map C(Q,B 2 ) — > C(dQ,B 2 ) is 
onto. 

Proposition 2.5. Let Q be a compact manifold with boundary. Then 

K°{Q,dQ;0) := K Q {C*{Q,dQ;cf>)) = Grothendieck group{[E B . 2 ,F Bl ,a}) 
where 

(1) Eb 2 is a finitely generated projective Hilbert B 2 -module bundle over Q; 

(2) Fb 1 is a finitely generated projective Hilbert B\ -module bundle over dQ; 

(3) a is an isomorphism from EB 2 \dQ to (^^(Fb^ '■= Fg 1 0^ B 2 . 

(4) [ ■ ] denotes taking the isomorphic class. 

Proposition 2.6. Let Q be a compact manifold with boundary. Then, the following 
sequence is exact: 

^i(C*(Q,9Q;0)) ► K 1 {C(Q,B 2 ))®K 1 (C(dQ,B 1 )) ► K 1 (C{dQ,B 2 )) 

K Q (C(dQ,B 2 )) < K {C(Q,B 2 ))®K (C(dQ,B 1 )) < K (C*(Q, 8Q; 0)) 

3. Model for KK(C(X),C < j > ) via relative A"-theory 

3.1. Cycles and relations. Throughout, X and Y are finite CW-complexes with 
Y a subcomplex of X. We refer to (X, Y) as a CW-pair. 

Definition 3.1. A cycle (over (X, Y) with respect to <j>) is a triple, (M, (E, F, <p) t f ) 
where 

(1) M is a smooth compact spm c -manifold with boundary; 

(2) [(E, F, <p)] is a class in K°(M; <j>); 

(3) / : M —> X is a continuous map such that f(dM) C Y; 

There is a natural definition of isomorphism for such cycles (see page 75 of [28j for 
details). When we refer to a "cycle", we will in fact be refering to an isomorphism 
class of a cycle. We can add (isomorphism classes of) cycles using the disjoint union 
operation. That is, 

(M, [(E, F, <p)],f)+(M', [{E 1 , F 1 , <p')]J') = (MOM', [(E, F, <p)]0[(E f , F 1 , <p%fijf) 
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Associated to a cycle is its "opposite" which is obtained from the same data with 
the spin c -structure on the manifold reversed; we denote M with its opposite spin c - 
structure by — M. 

Definition 3.2. A bordism (over (X, Y) with respect to (j>) is given by (W, [(E, F, tp)],g, h), 
where 

(1) W is a smooth compact spm c -manifold with boundary; 

(2) [(E, F, ip)] is a class in K°(W; <j>); 

(3) g : W — > X is a continuous map; 

(4) h : dW -> R with regular values ±1 and gfi-^-l, 1]) C Y. 
From this data, we obtain two cycles: 

(M+ , [(E, F, ip)} \ M+ , g\ M+ ) and (M_ , [(E, F, <p)] \ M _ , g\ M _ ) 

where M + := /i~ 1 ([l,co)) and M_ := oo, — 1]). We then say that the cy- 

cles, (M + ,[(E,F,ip)]\ M+ ,g\M + ) and (-M_, [(E, F, <^)]|m_ , g\m_ ), are bordant and 
denote this by 

(M+,[(E,F,<p)]\ M+ ,g\ M+ ) ~ bor (-M-,[(E,F,<p)]\ M _,g\ M _) 

Proposition 3.3. Bordism is an equivalence relation on the set of cycles. 

Proof. The proof is very similar to the proof in the case of K*(X;A) (see [28l 
Lemma 2.1.10]) and is left to the reader. □ 

Definition 3.4. Let (M, [E, F, <p\, /) be a cycle and V a spin c - vector bundle of 
even rank over M. Then the vector bundle modification of (M, [E, F, ip], f ) by V 
is defined to be: 

(A/V*([(£,f>)])® c frjon) 

where 

(1) 1 is the trivial real line bundle over M (i.e., M x M). 

(2) M v = S(V © 1) (i.e., the sphere bundle of V © 1). 

(3) f3 v is the "Bott element" in K°(M V ) (see Section 2.5 of [H] for the con- 
struction of this element). 

(4) ®c denotes the i4T°(M l/ )-module structure of K°{M V ;4>). 

(5) 7r : M v — > M is the bundle projection. 

The vector bundle modification of a cycle (M, [E, F, <p\, /) by V is often denoted 
by (M, p],/) v . 

A cycle, (M, [E, F, ip], /), is called even (resp. odd) if the dimensions of the 
connected components of M are all even (resp. odd) dimensional. 

Definition 3.5. Let (X,Y) be a finite CW-pair and ~ be the equivalence relation 
generated by bordism and vector bundle modification (i.e., [M, [E, F, <p], f) v ~ 
(M,[(E,F,<p],f)). Then 

ATo(^, 0) : = { even cycles }/ ~ 
K x {X,Y]<j)) := { odd cycles } / ~ 
We denote K*{X, 0; <f) by K*(X; 0). 

Proposition 3.6. // (X, Y) is a finite CW-pair, then K*(X,Y;(f)) is a graded 
abelian group. 
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Proof. The disjoint union operation gives K*(X, Y; <j>) the structure of an abelian 
semi-group. Any cycle which is a boundary (for example, the empty cycle) gives 
the identity (i.e., zero) class and the opposite of a cycle gives an inverse. □ 

The functorial properties of the group K*(X, Y;4>) are similar to those of K- 
homology with coefficients in a C*-algebra. For example, if Z is another hnite 
CW-complex and g : X — > Z is a continuous map, then g*(M, [F, F, <p], f) := 
(M, [E,F,cp],g o /). The boundary map d : K*{X,Y;4>) -> K*(Y;<j>) is defined at 
the level of cycles via 

(A/, [E, F, <p], f) .-)• (0M, [F,F,^]| 9M ,/| 9M ) 

3.2. Isomorphism with analytic theory. To begin, recall that associated to the 
items in a geometric cycle are the following FF-theory classes: 

(1) [D M ] G KK*(C (M), C), the class of the Dirac operator on M ; 

(2) [(E,F, i p)]£KK (C,C (M)®C lj> )^K (M;<p); 

(3) [/] einr(Co(X-y),C (M)); 
Combining these classes leads to the following map: 

(3) a : (M, (E, F, tp), f) ^ [/] ® Co(M) [(^, F, tp)] ®c ( M) A 

where A is the image of the Dirac class under the map on .fT-homology induced 
from the diagonal inclusion of M into M x M. This map can also be written as 

a : (M, [E, F, tp], f) ^ f*(PD M ([E, F, <p])) 

where PDm denotes the Poincare duality map discussed in Remark 12.31 

Proposition 3.7. The map a : K*(X,Y;4>) ->■ KK*(C (X - F),C^) (as defined 
in Equation^) is well-defined. 

Proof. We begin with the bordism relation. Let (W, (F, F, (p), f) be a bordism with 
boundary (M, (F, F, y>), /). It is well known (see for example Theorem 3.5 iii)]) 
that 9[Fv^] = [-Dm]- in addition, / = F o r where r : M W is the inclusion of 
the boundary. Using the fact that [r] <8> [d] = and basic properties of FF-theory, 
we obtain 

a(M, (F, F, 93), /) = [/] <E> Co (M) [(E, F, p)] ® C(M) [diag M ] ® C(M) [D M ] 
= [For] ® C (M) [F, F, ®cf(M) [diag M ] [d] ® [D w ] 
= [F] ® [r] ® [d] ® [F, F, (g) [diag^] ® [D w ] 
= 

Next, the case of vector bundle modification is considered. Let (M,[E, F,<p], f ) 
be a cycle and V a spin c -vector bundle over M with even-dimensional fibers. Let 
7r : M v —> M denote the projection map and s : M — > M v the inclusion of M via 
the "north pole" . Using standard results on wrong- way maps (see for example 
we have that si = PD mv s*PDm- All of this, along with the fact that ttos — idM, 
leads to 

a {{M,[E,F,p],f) v ) = a(M v ,sl([E,F,ip],foTr) 
= (f*oir*)PD M vsl([E,F,ip]) 
= /* O (7T* o s*)PD M ([E,F,tp]) 
= f.PD M ([E,F,<p]) 
= a((M,[E,F,<p],f)) 
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□ 

Following [llj . we introduce conditions which allow for the construction of an 
inverse to the map a. Namely, suppose that there exists compact spm c -manifold 
(possibly with boundary) Z and continuous maps h : (X, Y) — > (Z, dZ) and g : 
(Z, dZ) — )• (X, Y) such that g o h is homotopic to the identity map on (X, Y). (We 
note that all finite CW-pairs satisfy this condition.) The map from K K* (Cq(X — 
Y), Gtj,) — > K* + i(X, Y; (p) is defined at the level of cycles via 

ft : i G KK(C (X-Y),SC+) -> (Z, PD z \h^)), g) 

Lemma 3.8. Suppose g : N M is an embedding of compact spin c -manifolds 
with the codimension of g{N) even- dimensional. Also, let (M, [E, F, ip], f) be a 
cycle. Then 

(M, gl(E, F, ip), f) ~ (N, (E, F, ip), f o g) 

Proof. The proof is essentially the same as the proof of Lemma 2.3.4 in [28 . The 
details are left to the reader. □ 

Lemma 3.9. Let X be a compact Hausdorff space. Then a o ft = id. Moreover, 
if X is a smooth compact spin -manifold and we take Z = X , g = h = id, then 
ft o a = id. 

Proof. The first equality follows from 

a(ft(0) = a(Z,PD^(h*(0),g) 

= g*((PD M ° PD^ 1 o h*)(0) 

= (g*oh*)(£) 

= £ 

For the second equality, we have 

ft(a(M,(E,F,ip),f)) = (XAPD^of^oPDxXlE^^V^dx) 

= (X,f\(E,F,<p),id x ) 

Thus, the proof is reduced to showing that {X, f\(E,F,<p),idx) ~ (M,E,f). We 
would like to use Lemma 13.81 However, in general, / need not be an embedding. 
To circumvent this problem, let e : M <—l S be an embedding of S into a sphere of 
even (resp. odd) dimension if M is even (resp. odd) dimensional. Then 

(/, e) : M M> X X S and (id x ,0) : X ^ X x S 

are embeddings. Moreover, (/, e) is homotopic to (/, 0). Using Lemma [3781 (twice) . 
we obtain 

(M,E,f) ~ (XxS,(f,e)l[E,F,ip],projx) 
~ (XxS,{f,0)l[E,F,cp},projx) 
~ (X,f\[E,F,ip],id x ) 
and hence the desired result. □ 

Theorem 3.10. If (X,Y) is a finite CW-pair, then a is an isomorphism. 

Proof. The previous lemma implies that a has a right inverse (namely, ft). To see 
that ft is also a right inverse, consider the following commutative diagram: 
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|^OQ lid 



K*(X,Y;</>) — ^ K*{Z,dZ;<p) 

where we have used the previous lemma to obtain that /3 o a : K*(Z,dZ;4>) — > 
K*{Z, dZ; (f>) is equal to the identity map. Hence, the map o a : K*{X, Y; (f>) — ► 
^(X, Y"; </>) is the restriction of the identity and hence is the identity map. □ 

Proposition 3.11. If (X,Y) is a finite CW-pair, then the following sequence is 
exact: 

K Q {Y;cj>) — 1 —> K (X;<f>) — f —> K (X,Y;ct>) 



a 



Proof. This follows from the fact that a is a natural isomorphism and the corre- 
sponding exact sequence in iTi^-theory. □ 

To prove the result without a is rather difficult. However, it follows from the 
bordism relations in the various groups that the composition of sucessive maps are 
zero. For example, 

{U o 8){W, [(E, F, ip)} J) = (dW, [(E, F, <p)]\ dw ,i ° flow) 

is the boundary of the bordism (in K»{X\4>)) given by (W, [(E,F,(p)], /). From 
this point on, we only consider the absolute case (i.e., the case when Y = 0). The 
reader can provide the details in the general case if they are so inclined. 

Theorem 3.12. If X is a finite CW-complex, then the following sequence is exact: 
K {X;B X ) — ^ K (X;B 2 ) — ^ K x {X;<j>) 

8 8 

K {X;<j>) K 1 (X;B 2 ) K^X-Bx) 

where the maps are defined as follows: 

(1) : K*{X;B X ) -)• K«(X;B 2 ) takes a Bi-cycle (M, F, f) to the B 2 -cycle 
(M,^(F),/). 

(2) f : K*(X;B 2 ) -> K* +1 (X;(/>) takes a cycle (M,E,f) to (Mx S 1 , r(u), fox) 
where 

u:n*(E) ->• n*(E) 
((m,z),e) h-> ((m,z),z-e) 

and f is the map in the exact sequence in the statement of Theorem \2.3[ 

(3) 5 : K*{X;4>) ->• K^X-B^ takes a cycle (M,[(E,F,a)],f) to (M,[E\ - 
[F]J)- 
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Proof. Theorem OTTO] and [28l Theorem 2.3.3] imply that 

K*(X;Bi)<*KK*{C{X),Bi) and K*(X; 0) = KK*-\C(X), ty) 
via the explicit maps 

HB t ■ K*(X; Bi) -> KK*(C(X), B t ) and a : K*(X; </>) -> KK*(C(X), SGf) 
This reduces the proof to showing that the following diagram commutes: 

-> K*(X;Bi) -> K*(X;B 2 ) -> K»{X;4>) -> if»+i(X;Bi) -> 

j, j, j, j, 

-> Kif*(C(X),Bi) -> KK*(C(X),B 2 ) -> KK*{C{X),C^) -> Bi) -> 

That ° ° /is 2 follows from [28, Proposition 2.2.10]. The proof that 

/^Si °<5 = (5oo! is as follows. Using the fact the PDm is implemented via an explicit 
if if-class and basic properties of JTif-theory, we have that 

(5 oa)(M, = 8{U(PD M ([E,F,<p]))) 

= (ev Q )4MPD M ([E,F,ip]))) 

= f.(PD M ((ev ) m {[E,F,<p]))) 

= n Bl (M,(ev )4E,F,cp}J) 

= (fi Bl o6)(M,[E,F^}J) 

Finally, we must show that fo/j, B2 = aof. Let (M, E B2 , /) be a cycle in K*(X; i^)- 
Then, again using the fact the PDm is implemented via an explicit KK-class and 
basic properties of KK-iheory, we obtain 

(fo^ B2 )(M,E B2 J) = f{UPD M {[E B2 ]))) 

= ?((f °n s i)*(PD MxS i(%* s i(E B2 ) 

= (/* Tr s i)*(PD MxS i(f(ir* s i(E B2 ) (g> Ugi))) 

= (aof)(M,%,/) 

where the reader should note that M51 is defined in the statement of the theorem 
(in particular, sec the definition of r). □ 

4. BORDISM TYPE MODEL FOR KK(C(X),C ( f > ) 

4.1. Cycles and Relations. Based on the discussion in the introduction, we need 
different geometric cycles to model certain constructions in geometric if-homology. 
As such, in this section, we introduce an abelian group, K*(X] cj>), with the main 
result that this group fits into a six-term exact sequence (see Theorem 14. 19[) . In 
fact, we define two types of cycles. The first uses vector bundle data while the 
second uses if-theory data; a detailed development is only given in the case of the 
second model as the two cases are rather similar. 

Definition 4.1. Cycles with vector bundle data 

A cycle (over X with respect to 4>) is given by, (W, {E B2 , F Bl , a), /), where 

(1) W is a smooth, compact spin c -manifold with boundary; 

(2) E B2 is a finitely generated projective Hilbert I^-module bundle over W; 

(3) F Bl is a finitely generated projective Hilbert -Bi-module bundle over dW; 

(4) a : E B2 \qw = (j)*(F Bl ) is an isomorphism of Hilbert I^-module bundles; 

(5) / : W — > X is a continuous map. 
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Definition 4.2. Cycles with if-theory data 

A cycle (over X with respect to 4>) is a triple, (W, £, /), where: 

(1) W is a smooth, compact spm c -manifold with boundary; 

(2) £ £ K°(W,dW;4>); 

(3) / : W — > X is a continuous map. 

The manifold, W, in a cycle need not be connected. As such, a cycle is called 
even (resp. odd) if each of its connected components are even (resp. odd) di- 
mensional. We also let ^gw & n d £,w denote the images of £ under the maps 
pi : K°(W,dW;4>) -> K {dW',B{) and p 2 : K (W,dW;<j>) -> K°(W;B 2 ) respec- 
tively. The opposite of a cycle, (W, £, /), is the same data only is given the 
opposite spjn c -structure. It is denoted by — (W, £, /). The disjoint union of cycles, 
(W, £, /) and (W, |, /), is given by the cycle: 

(WOW^Ol fUf) 

Two cycles, (W, £, /) and (W, £, /), are isomorphic if there exists a diffeomorphism, 
h : W — > W, such that h preserves the sj?m c -structure, h*(£) = £, and / o h = f. 
Throughout, a "cycle" more precisely refers to an isomorphism class of a cycle. 

Definition 4.3. A regular domain, Y, of a manifold M is a closed submanifold of 
M such that 

(1) int(F) + 0; 

(2) If p 6 dY, then there exists a coordinate chart, cj> : U M. n centered at p 
such that 4>(Y n J7) = {a; G </>(£/) |a:„ > 0}. 

Definition 4.4. A bordism (with respect to X and 0) is given by (Z, W, r), F) 

where 

(1) Z is a compact spm c -manifold; 

(2) 14 7 C <9Z is a regular domain; 

(3) 7] e K°(Z,dZ-mt(W) ;</>); 

(4) 5 : Z — > X is a continuous map. 

Remark 4.5. The "boundary" of a bordism, (Z, W, 77, F), is given by (W, g\w)- 
The fact that W is a regular domain of dZ ensures the boundary is indeed a cycle 
in K*(X;(f>). Moreover, if (W,£, /) is a boundary in the sense of Definition 14.41 
then (dW^Bn f\aw) is a boundary as a cycle in K*(X;Bi). 

Definition 4.6. Two cycles are bordant if there exists bordism with boundary 
given by (W, f , /)U - (W, /')• This relation is denoted by 

(W,£,/) ~ 6or (W',e,f) 

Proposition 4.7. TTie operation ^bor is an equivalence relation. 

Proof. We begin with reflexivity. Results in [12, Sections 1.3 and 1.4] imply that 
there exists a smooth spm c -manifold with boundary, Z, which is homeomorphic 
(via h) to W x [0, 1]. Moreover, WU — W is a regular domain of the boundary of 
this manifold. Thus, if ttw ■ W x [0, 1] —> W is the projection onto W, then 

(Z, WU - W, h*(Tr^(0), foir w oh) 

forms a bordism. Moreover, it has boundary (in the sense of Definition I4.4[) 
(W, £, /)U - (W, £, /). In other words, 

(W^J) -bar (W,t,f) 
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That bordism is symmetric is trivial. 

For transitivity, let {(Wi, /t)}f = o be cycles and (Zo,WoU — W\,uo,Fq) and 
(Zi, WxU - W 2 , vi, Fi) be bordisms from ( W , £o , / ) to (Wi , £1 , /i ) and (Wi, 6, /l) 
and (W2,^2,/2) respectively. Then, by "straightening the angle" (see [12]), Z 
Zi can be given the structure of a smooth spin c -manifold. Also, let F = Fq Uw % Fi 
and v — vq Uw 1 v\. Then, (Z, WqOW2, v, F) forms a bordism from (Wo,£o,/o) to 

Definition 4.8. Let (W, £, /) be a cycle and £7 a spm c -vector bundle of even rank 
over W. Then the vector bundle modification of (W, £, /) by E is defined to be: 

where 

(1) 1 is the trivial real line bundle over W (i.e., W x K); 

(2) W E = S{E © 1) (i.e., the sphere bundle of E © 1); 

(3) /3b is the "Bott element" in K°(W E ) (see [HI Section 2.5] for the construc- 
tion of this element); 

(4) ®c denotes the A°(V B )-module structure of K°(W E , dW E ; (f>); 

(5) 7r : W E W is the bundle projection. 

The vector bundle modification of (W, £, /) by E is often denoted by (W, £, 

Remark 4.9. If (W,£, /) is a cycle and £ is a spm c -vector bundle of even rank 
over W, then [dW, fa , f\aw) Elsw = W £, /) £ 

Definition 4.10. Let ~ be the equivalence relation generated by bordisms and 
vector bundle modification (i.e., (W,£, /) ~ [W,£, f) E , for any even rank spin c - 
vector bundle, E, over W). Also let 

= {(W,£,/)}/~ 

The grading is given as follows. A cycle (W, £, /) is said to be even (resp. odd) 
if the connected components of W are all even (resp. odd) dimensional. Then, 
Kq(X;4>) is even cycles modulo ~ and Ki(X;<fi) is likewise only with odd cycles. 
Note that the relation ~ preserves this grading. 

Proposition 4.11. Let (W, and (W, £2, /) be 4>-cycles. Then 

Wa,/)uW6,/)~W?i®6,/) 

Proof. The proof of this proposition is similar to the proof of Proposition 4.3.2 in 
[25) . A vector bundle modification (by a trival bundle) implies that 

(w,aek,/) ~ (WxS 2 ,Tr*(s 1 ®&)®p,foir) 

where j3 is the Bott element and it : W x S 2 — > W is the projection map. 

In the proof of Proposition 4.3.2 in [35], an explicit bordism between (S 2 , (3) and 
(S 2 , P)0(S 2 , 0) is constructed; crossing this bordism with W and "straightening 
the angle" leads to 

(WxS 2 , tt*(£i)®/3, /o^)0(V^x5 2 , 7r*(£ 2 )«>/3, /ott) ~ 6or (WxS 2 , 7r*(^e&)®/9, /ott) 
and hence the desired result. □ 
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Proposition 4.12. K*(X;<f>) with the operation of disjoint union is an abelian 
group. The unit is given by the trivial (i.e., empty) cycle and the inverse of a cycle 
is given its opposite. 

Proof. It is clear that disjoint union gives K*(X;(j>) the structure of an abelian 
semigroup. The proof that bordisms is an equivalence relation (i.e., Theorem I4.7[) 
implies both that K*(X; <f)) is a group and the unit and inverses are given as in the 
statement of the theorem. □ 

4.2. Normal bordisms and six-term exact sequence. 

Definition 4.13. Let E be a vector bundle. A vector bundle, F, is called a 
complementary bundle for E, if E@F is a trivial vector bundle. If M is a manifold 
(possibly with boundary), then a complementary bundle for TM will be called a 
normal bundle. 

Given a manifold with boundary (W, dW), we can produce a normal bundle by 
taking a neat embedding in H n :— {(v\, . . . , v n ) £ R n | v\ > 0}. 

Definition 4.14. Let (W,f,/) and (W, £',/') be two cycles in K*(X;(j)). Then, 
there is a normal bordism from (W, £, f) to (W , /') if there exists normal bundles 
Nw, Nw' (over W and W respectively) such that 

(w,z,f) Nw ~ bor (w',e,f) Nw ' 

This relation is denoted by ^„ or . 

The next lemma is standard (see for example [25J Lemma 4.5.7]), while the one 
following it is a natural generalization of [551 Lemma 4.4.3]. The proof of the latter 
is left to the reader. 

Lemma 4.15. Normal bundles are stably isomorphic (i.e., if N% and N2 are normal 
bundles for W , then there exists trivial bundles, E\ and Ei , such that N\ © E% = 
Ni @E 2 ). 

Lemma 4.16. If E\ and Ei are spin c -vector bundles with even dimensional fibers 
over a compact spin -manifold W , then, for any £ £ K°(W, dW; 4>) and f : W 
X, 

where p : S(Ei © 1) — > W is the projection map. 

Proposition 4.17. Let X be a finite CW-complex. Then, the relation of normal 
bordism of cycles is an equivalence relation. Moreover, it is equal to the relation 
constructed in Definition ^. 10\ 

Proof. We leave it to the reader to verify that ^ nor is reflexive and symmetric. 

To show ^ nor is transitive, let {(Wi, £j, fi)}f =0 be cycles. Moreover, assume that 
for each i = 0, 1, 2, AT, is a normal bundle for Wi, and N[ is a normal bundle for 
W\ such that 

(W Qt Z J ) No ~ 6or (Wi,^,f 1 ) Nl 

(Wl,6,/l)^ -bar (W 2 ,&,f2) N2 

Lemma 14.151 implies that there are trivial bundles t\ and t\ such that 

Ni®ei=N[® ei 
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Let eo and e 2 be trivial bundles (over Wo and W 2 respectively) of the same rank 
as ei and e[ respectively. Following the notation in Lemma 14.161 for the bundle 
projections and, using the fact that trivial bundles extend across bordisms, we find 
that 

((WoAoJo) No r' oieo) ~bor ((Wi,£l,/l) JVl ) Pl(ei) 
((Wk.fr, / 1 ) JV i) Pl ' (ei) ~6or ((W 2 ,£ 2 ,/ 2 )^)^> 

Moreover, Lemma T4. 161 and N\ © t\ = N[ © e[ imply that 

(Wo^ Jo) No!St0 -bar (Wx^uflf 1 ^ 1 
-bar (Wi&j!)*^ 
~bor (W 2 ,&J 2 ) N ^ 

Transitivity of ^ nor then follows since Nq © eo and N 2 © e 2 are normal bundles for 
Wo and W 2 respectively. 

The proof will be complete upon showing ~ and ~«.or are the same relation. 
That ~ nor is a weaker relation than ~ is clear. On the other hand, we must show 
that 

(1) If (W, £, /) is a cycle and £ is a smooth spm c -vector bundle with even- 
dimensional fibers over W, then (W, £,f ) E ^nor (W,£, /). 

(2) Any boundary in the sense of Definition 14.41 also normally bounds. 

For Item 1, let Pe '■ W E — > W denote the projection map, N a normal bundle for 
W, and E c a complement to E (i.e., E © E c is a trivial bundle). Then (as the 
reader can verify) p* E {E c © TV © 1) is a normal bundle for W E . 
Moreover, using Lemma |4.16( we obtain 

((Wfr/) £ )^ ( ™ 01) ^bor (W,CJ) E ^ Nm 

The result (i.e., Item 1 above) follows upon noticing that E © E c © N © 1 is a 
normal bundle for W. 

For Item 2, let (W, £, /) be the boundary of a bordism (Z, W, u, F). Let TV be a 
normal bundle for Z. Then 

d(Z,W,v,F) Nm = (W^jf^® 1 

N\w © 1 is a normal bundle for W; hence (W, £, /) normally bounds. □ 

Corollary 4.18. Let X be a finite CW-complex. Then, a cycle in 7V*(JV;0) is 
trivial if and only if it normally bounds. 

Theorem 4.19. If X is a finite CW-complex, then the following sequence is exact: 
K (X;B 1 ) K (X;B 2 ) — K (X;<f>) 
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Ki{X\<j>) K X (X;B 2 ) K X {X;B X ) 

where the maps are defined as follows: 

(1) 0* : if*(X;Bi) -)• K*(X;B 2 ) takes a Bicycle (M,F,f) to the B 2 -cycle 

(2) r : K*(X;B 2 ) -> tafces a cyc/e (M,EJ) to (M, (E, 0, 0), /). 

(3) (5 : tf*(X; 0) -> iv*+i(X; B x ) tefces a cycle (W, (E, F, a), f) to (dW, F,f\ dw ). 
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Proof. That the maps are well-defined is clear in the case of and follows from 
Remarks 14.51 and 14.91 in the case of r and 8 . 

The bordism relations on the various cycles imply that the composition of suc- 
cessive maps is zero. The details in the case of r o </>„ are as follows. Let (M, £, /) 
be a -Bi-cycle and 7Tm : M x [0, 1] — > M be the projection onto M. Then 
(M x [0, 1], 7Cm(€bi), f ° I'm) is a bordism between (M,^,/) and its opposite. 
Moreover, this produces a bordism in if*(.X~;0) between (M, 0*(£bi), /) and the 
empty cycle as follows. 

In the notation of Definition 14.51 let 

Z = M x [0, 1], 77 = <Mttm(6?i)), g = / o 7T M 

For the regular domain in this bordism, we take M. As such, dZ — int(M) is — M 
and the "boundary" of this bordisms is 

(M, </>* (Csi), /) 

Hence (M, <?5>*(£_Bi)) /) is trivial in K*(X; </>). We leave it to the reader to show that 
o 8 and 8 o r are both zero. 
We are left to show that 

ker(</>„) C im((5), ker(<5) C im(r), ker(r) C im(0*) 

With the goal of proving ker(0*) C im(S), fix (M,^Bi>f) such that (M,c/)*((;bi), f) 
is trivial in K*(X; B^)- By Corollary 4.5.16], there exists a normal bundle, N, 
such that 

(M, fa (£bi), f) N — d(W, rj B2 > <?) 

where (W, t)b 2 )9) is a -B 2 -cycle with boundary. By construction, (?7s 2 ,Csi) is an 
element of the pullback along the maps K °(X; B 2 ) -> if°(Y; B 2 ) and if (Y; fli) -> 
K°(Y; B 2 ). Proposition ^ . 6l implies that there exists £ £ if°(W, cW; 0) which maps 
(under the natural maps) to (?7_b 2 , £gi ) € if °(W / ; -B2) © if °(cW; £?i). In particular, 
(W, £, (?) forms a cycle in 2f*_i(X; <f>). Moreover, 

S(W,^g) = (M,^(e Bl ),/) w ~ (M,^(CbJ,/) 

To show that ker(<5) C im(r), let (W, £, /) be a cycle such that £bi, /law) 
is trivial in K*(X; Bi). By [321 Corollary 4.5.16], there exists normal bundle, N 
over dW, such that 

The normal bundle N may not extend to W. However, by Lemma f4. 151 if N' is a 
normal bundle for W, there exists a trivial bundle e over cW such that N © e = 
iV'|aw Hence, 

*((W, £,/)"') = W^,/)^!^ 
= (dW,^ Bl ,f) Nee 

- bor ((dw,t Bl j) N r* (e) 

= d((z, v , g yz) 

where p : dW N —¥ dW is the projection map and tz is the trivial vector bundle 
over Z with fiber dimension the same as e. Summarizing, from a cycle, (W, £, 
which is in the kernel of S, we have produced an equivalent cycle (i.e., (W, £, f) N ) 
whose image under 8 is a boundary (rather than just trivial). 
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Hence, without loss of generality, assume that (9W, £b 1? f\dw) is a boundary in 
K*^i(X; Bi). Let (Z,r),g) be a -Bi-cycle with boundary such that 

(dW,£ B „f\ aw ) = d(Z,r),g) 

Then (Z, <f>^(g), g) is a £> 2 -cycle with boundary. Form the closed (smooth, spin c ) 
manifold W — WUgwZ- As the reader will note, the A-theory data and continuous 
function are compatible along dW. Hence, we can form the i?2-cycle, (W,£b 2 U 

It remains to show that 

This result follows from the following bordism in the A* (A; (j>): 

(Wx[0,l],WOW,i, (fUg)orr) 

where tt : W x [0, 1] —> W and £ is the element in K°(W x [0, 1],Z; 4>) formed from 
k*(£b 2 U0*(t7)) e A°(W>x [0,1]; S a ) and g B t GJf°(Z;Si). 

Finally, we show that ker(r) C im(0»). Let (M,£b 2 ,/) be a cycle in A*(A;£? 2 ) 
which is mapped to the trivial element in K*(X;<fi). By Lemma T4.18( there exists 
a normal bundle, N, such that 

(M,Z B2 ,ff = d(Z,M N ,7 h g) 

Consider (Z,rjB 2 ,g) as a bordism in A* (A; B'l). It has boundary 

(M,£ B2 j) N u(dz ~ M,Mv Bl ),g\ dZ -M) 

The bordism relation in A* (A; -B 2 ) then implies that 

(M,£ B2 ,f) N ~ - M, (7 /Bl ), 5 | aZ -M)) 

This completes the proof. □ 

5. Isomorphism from A*(X;0) to K*(X;<j)) 

Definition 5.1. Let //^ : A*(A;0) — >■ A*+i(A; </>) be the map defined on cycles 
via 

(M, [A, A, ^] , /) ^ (M x [0, 1] , [(£ Ba , J- Bl , a)} , / o tt) 

where 

(1) tt : M x [0, 1] — > M is the projection map; 

(2) £b 2 is the Hubert -B 2 -module bundle, ^*(tt* (E)); 

(3) J r g 1 is the Hilbert -Bi-module bundle defined by taking its fiber at M x {0} 
to be E and its fiber at M x {1} to be F ; 

(4) a : 0*(Tbi) -> £b 2 |mx{o}umx{i} g iven by the identity on M x {0} and p 
on M x {1}; 

Since the definition of fi^ involves the choice of cocycle (rather than just the 
class in A (A; </>)), our first goal is to show that //^ is well-defined at the level of 
cycles. As such, we must show that 

(1) If (E, F, <p) = {E',F',(p), then ^(M,[E, F,cp]J) = ^(M,[E' , F' ,cp']J). 

(2) If (E, F, ip) is an elementary cocycle, then /^(M, [A, F, <p], /) is trivial. 
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The first item follows from the bordism relation in K*(X;(f>). Let , /?2 ) be an 
isomorphism from (E,F,ip) to (E',F',ip); the definition of isomorphism in this 
context is given in Section I2TT1 Also, let D denote the closed unit disk and 



h = 



0, 



h = 



h = 



3tt 



TT. • 



h = 



.0 



be intervals inside dD = S 1 . Consider the following bordism in K*(X', 



M x D,M x 



TT 3n 

2'T 



UM x 



5n 3tt 

T'T 



,{£ B2 ,F Bl ,a),f ott 



where 



(1) £b 2 is formed on M x S 1 by respectively clutching bundles ?r| (F) Cg)^ S2, 
rr| 2 (J5) ® B 2 , tt} 3 (E') ® fl 2 , and vr| 4 (F') ® B 2 along M x {f }, M x {rr}, 
M x and M x {0} via the isomorphisms <p, cf>*{f3x), tp', and <^*(/3 2 ). 
The reader should note that this bundle extends to all of M x D since it is 
formed by taking the homotopy associated to the isomorphism </>*(/3i) and 
then straightening the angle; 

(2) P Bl is given by tt\{F) U & tt^F') on M x [f , f] and 7r* 7i rr} 2 (i?') 
onMx[f,f]; 

(3) & is defined by (p on fibers at M x {f }, on fibers at M X {y} and the 
identity at fibers M X } and M X {|}, 

As the reader can verify, this bordism has the required boundary. Such a reader 
may wish to begin by checking the result in the case of M = pt. 

The second item will also follow from the bordism relation. We form the required 
bordism by taking the regular domain M x [0, 1] inside d(M x D) = M x S 1 . Then 

((M x AM x [0, 1]), (Mk*(E)),tt* 0>1] (E), a), f o rr) 

forms the required bordism where the construction of the bundle data is similar to 
the previous argument. 

Next, the relations must be considered. For vector bundle modification, let 
(M, [E, F, ip, /) be a -ftT-cycle and V be an even rank spin c -vector bundle over M. 
Then 

H4((M,[E,F,<p],f) V ) = H<p(M V ,lTT*(E),TT*(F),TT*^)}®f3J°TT) 

= (M v x [0, 1] , [(tt* (£) B2 , tt* (F) Bi , ev {ip) )] , / o rr) 

= [M x [0, 1], [{£b 2 i Fb x , oc)], f o tt) 7T "^ 
= H4{M,[E,F,<p],f)"'W 

~ ^(M,[E,F,<p]J) 

For the bordism relation, let (M, [E, F, ip], f) be the boundary of (M, [E, F, <p],f). 
Using the straightening the angle technique, we have a smooth spin c -manifold, Z, 
which is homeomorphic to M x [0, 1]. Let h denote such a homeomorphism. By 
construction, dZ contains M x [0, 1] as a regular domain and 

(4) dZ - (M x (0, 1)) = MO - M 

We form a bordism in K*(X; 4>) by taking 

((Z,M x [0,l]),(£ B2 ,F Bl ,a),g) 

where 
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(1) 7r : M x [0, 1] — ► M is the projection map; 

(2) S B2 = h*(7r*(E))j 

(3) Tb-l is given by E on the first copy of M and F on the second (see Equation 
ED; 

(4) a is given by the identity on the fibers of the first copy of M and ip on the 
second; 

(5) 9 = /°7r o h. 

Thus, is well-defined as a map from K*(X\ <j>) — > K*(X; 4>). 

Theorem 5.2. If X is a finite CW- complex, then fi^, is an isomorphism. 

Proof. The Five Lemma and Theorems 13.121 and 14.191 reduce the proof to showing 
the commutativity of the diagram: 

-> K 1 {X;B 2 ) A K (X;4>) A K {X;B X ) ^ K (X;B 2 ) A K^Xrf) -»• 



-> K 1 (X;B 2 ) A A K (X;B X ) ^ K (X;B 2 ) A X o (^;0) -> 

where the maps are defined in Definition 15.11 and Theorems 13.121 and 14.191 

The only nontrivial part is proving that ^or = r. Let (M, Eb 2 , /) be a 
cycle in K*(X; B 2 ). There are two steps in our proof. Firstly, we show that 
(a*0 ° r)(M, Eb 2 , /) is in the image of r and then show it is equal to r(M, Eb 2 , /). 
For the first step, by the definition of f and [HJ Section 3.21], we have 

f(M,E B2 J) = (M x S\f(u)JoTT) 

~ (M x5 1 ,( 7 r*(^ 1 ), 7 r*(F Sl ),u),/o 7 r) 

where u ~ u in K 1 (M x S 1 ; £? 2 ), F Bl is a i?i-module bundle, and ir : M x S 1 ->• M 
is the projection map. Hence 

o f)(M, £ B2 , /) - (M x S 1 x [0, 1], (7f*(F Bl ^ B 2 , a fi ), / o f) 

where is defined as in Definition [5] Moreover, the bordism relation implies that 

(M x S 1 x [0, 1], (tt*(F Bi <X)0 B 2 ,it* (F Bl ),ctu), f o ff) - ( M x S 1 x S 1 , ( V fl , 0, 0) , / o tt) 

= r(M x S 1 x S\VuJ on) 

where Va is the -B 2 -module bundle obtained by clutching the vector bundle tt* (Fb 1 )<S><£ 
B 2 along M x S 1 via u and ir : M x S 1 x [0, 1] -> M and tt : M x S 1 x S 1 -> M 
are the natural projection maps. This completes the first step of the proof. 

The second step is to show that (M x S* 1 x S 1 , V&, f o 7r) ~ (M, _Eb 2 , /). Using 
the fact that u and u are equivalent in K X {M x S 1 ; B 2 ) and the bordism and vector 
bundle modification relations, we obtain 

(M x S 1 x S^VuJon) ~ (M x S 1 x S 1 ,V u ,fo 7 r) 

~ bor (M x S 2 ,(7r'y(E B2 )®l3JoTT r ) 

~VBM (M, Eb 2 , /) 

where tt' : M x S 2 — >• M is the projection map and (as above) j3 denotes the Bott 
bundle. □ 
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Example 5.3. if -homology with coefficients 

Suppose that 

-> d -> G 2 ->• G 3 -> 
is a short exact sequence of abelian groups. Then we have an associated six-term 
exact sequence of if-homology with coefficients: 

K {X;Gx) if (X;G 2 ) ► if (X;G 3 ) 

X!(X;G 3 ) ifi(X;G 2 ) ifi(X;Gx) 

Such sequences are referred to as the Bockstein sequence associated to the exact 
sequence of abelian groups. Using the mapping cone of a *-homomorphism, </>, and 
the six-term exact sequence in if if -theory often lead to such sequences. Prototyp- 
ical examples of <j> are given by the following inclusions 

C -> M„(C), C ->■ D, N 

where D is a UHF-algebra with ifo-group, Q, and N is a Ili-factor (recall that 
K (N) = M and ifi(iV) ^ {0}). In these cases, Theorems DLH and EES produces 
the Bockstein sequence associated (respectively) to the following exact sequences 
of abelian groups: 

O^Z^Z^ Z/fcZ ->0 

O^Z^Q^ Q/Z ->0 

O^Z^M^ M/Z ->0 

In other words, Theorems 13.121 and 14.191 produce geometric models (via the cy- 
cles in Definitions O and lO respectively) for K*(X; Z/fcZ), if»(Jf ; Q/Z), and 
if*(X;R/Z). 

In the next section, we discuss geometric if- homology with coefficient in R/Z in 
detail. Before doing so, we discuss a number of generalizations of the constructions 
considered to this point. 

The Baum-Douglas model has been generalized to the equivariant and families 
index settings (see QI3 HU [HI [28] ) . In a number of cases, the models constructed in 
this paper also have such generalizations. In the equivariant setting, in the case of 
compact Lie groups, one should replace our cycles with the natural analogue based 
on |28) . In the case of a discrete group which acts properly, one should replace our 
cycles with the natural analogue of the cycles in [TU] . A generalization to actions 
of groupoids also seems possible, but much more involved. The interested reader 
should compare the cycles defined in [10 with those in [TB] as a starting point. 

Let D denote a unital G*-algebra. Then a model for KK(C(X), D ® G^) can be 
obtained directly from our results. One simply notes that the main results in this 
paper can be applied to the *-homomorphism ido ® </> '■ D <8> B\ — » D ® i? 2 ■ If D is 
a commutative G*-algebra (i.e., D = C(Y)), then there is an alternative approach; 
the cycles in this theory are defined as follows. 

Definition 5.4. A cycle (over X with respect to <j> and Y) is given by a triple, 
(W, (E B2 , F Bl ,a),f), where 

(1) W is a smooth, compact spm c -manifold with boundary; 

(2) Eb 2 is a finitely generated projective Hilbert £? 2 -module bundle over W x Y; 
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(3) Fb 1 is a finitely generated projective Hilbert -Bi-module bundle over dW x 
Y; 

(4) a : EB 2 \Yxdw — 4>*{Fb 1 ) is an isomorphism of Hilbert ^-module bundles; 

(5) / : W — > X is a continuous map. 

The relation on such cycles is the natural generalization of the relation discussed 
in Section [4] One can replace the bundle data in such a cycle with a class in 
K°(Y x W,Y x dW; (f>). We will make use of this model in the next section in the 
particular case of i^-homology with coefficients in R/Z. 

6. R/Z- VALUED INDEX THEORY 

In this section, we specialize to the case of <j> : C — > N where N is a Ili-factor 
and <f> : A — > A • I. As discussed in Example 15.31 for this choice of <j>, K^{X;<f>) 
is a realization of (X; R/Z). The reader should compare our construction in 
Section 16.11 to [3} Section 5] and the pairings in Section 16.21 to the development in 
[101 Section 6]. 

6.1. The index map and X-theory with R/Z-coefficients. Let Y denote a 
compact Hausdorff space; a useful special case to consider is Y — pt. Following 
P2 Section 5], we begin with the observation that K*(Y;M./Z) = coker(g) where 
q : K*(Y;Q) ->• K*(Y;Q/Z) © K*(Y;R) is the natural map. The group coker(g) 
is of course graded; we denote the grading via coker(g*). 

The goal of this subsection is the construction of an explicit isomorphism at the 
level of cycles from K*(Y; R/Z) (modeled using cycles in Definition l5.4[) to cokei(q). 
When Y — pt, this amounts to the construction of a map from cycles in K (pt; <f>) 
to R/Z. Based on the definition of q, we must construct maps from such cycles 
to K°(Y;<Q/Z) and K°(Y;M) respectively. We will refer to the map in the case of 
Y = pt as an index map. 

Let (W, be a cycle in K°(Y; R/Z) and (dW, £ c ) denote 5(W, g) G K°(Y) (recall 
that S was defined in the statement of Theorem 14.191) . 

The construction of the map from (W, £) to K* (Y;Q/Z,) is as follows. Since 
(f>*(dW, £c) = and <fr* is rationally injective, there exists k G N, normal bundle 
Nw over W, and Baum-Douglas bordism (within the group K*(Y)), (Q,r]c), such 
that 

k(dW,£c) N = d(Q,r) C ) 
where N denotes Nw restricted to dW. By construction, Q has the structure 
of a spin Z/fcZ-manifold. By [13], (Q,rjc) defines a cycle in K*(Y;Q/7*) := 
\imK*(Y; Z/kZ). The reader should note that, when Y = pt, the Freed-Melrose 
index (see [14] and [17]) of this cycle produces the required element of Q/Z. 

The construction of the element of K*(Y; R) ^ K*(Y; N) (associated to (W, $)) 
proceeds as follows. Form a cycle in K*(Y; N) via 

(5) (kw, \cn) Nw u k ( d wr (-0. iMvc)) 

Notice that the choice of if-theory class in this cycle is not unique; it depends on 
a choice of clutching function, which we denote by u. The well-definedness of this 
construction will be discussed shortly. Again, when Y — pt, one takes the R-valued 
index of this cycle to produce the required element in R. 

Let indjj/z denote the map produced by these two constructions. Our first goal 
is to prove that this map is well-defined. The reader should note that the map is 
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not well-defined as a map to K*(Y;Q/Z) © K*(Y;R). The point being that we 
have made a number of choices in the construction of the image of (Z, £) under 
ind K / z . 

To summarize, these choices are as follows: 

(1) The k e N; 

(2) The normal bundle N w over W; 

(3) The bounding cycle (Q,T]c); 

(4) The choice of clutching function u. 

As above, let N denote the restriction of Nw to dW. Using the obvious notation, 
let k', N w> and u 1 be different choices of the previously listed data. By 

assumption, 

k(dW,te) N = d(Q, V c) 
k'(dW^ c ) N ' = d(Q', v ' c ) 

To begin, the nature of the inductive limits used to define if-theory with coefficients 
in Q and Q/Z implies that we can assume k — k'; in other words, one can replace 
k and k' with k ■ kl . 

By Lemma \A. 151 there exists trivial bundles, e and e' over W, such that 

N © e ^ N' © e 

Lemma 14.161 implies that 

((W,0 W ) PJW ~6or((W,0 JV ') rt(e ' ) 

Let ((Z, mjVF), I) be a fixed choice of such a bordism. Then (dZ-mt(WUW'), |c) 
defines a bordism in K*(pi) between ((dW,£ c ) N ) p " {e) and ((9W, Cc)^')^" - 
As such, we can form an element in K*(Y;Q). Let 

(Q, VcY U fc(SZ - int(IUUlU'), &) u (0', ^) £ ' 

be the Baum-Douglas cycle formed by gluing along dZ = dWLI — dW and using the 
clutching function (u')" 1 ° u - Then consider this cycle as an element in K*(Y;Q) 
using the inductive limit structure on Q. To be more precise, this cycle is considered 
as a element in K*(Y; Q) using the following commutative diagram: 

K*(Y) > K*(Y;Q) 

K*(Y;Z/kZ) ► K*(Y;Q/Z) 

Using the Z/fcZ-bordisms and vector bundle modification relations (see |13j). we 
have 

(Q,vc) ~ (Q,vcY Q 

~ (Q, r/ c ) e «U(-Q', 77 C ) £ «' U(Q', ?7 C ) e «' 

~ Sz/kz ((Q, %) £ U - mt(W0W'),$c) U (Q', U(Q', Vc yQ' 

~ h/kz ((Q, ?7c) e U - int(^UlU'), &) U (Q', ^) e ') 0(Q', 

This bordism and the commutative diagram discussed in the previous paragraph 
imply that the construction of the element of K*(Y;Q/Z) is unique up to the 



22 



ROBIN J. DEELEY 



image of an element in the image of q. The reader should note the specific element 
of K*(Y; Q) is given by the cycle 

(Q, vcY U k{dZ - int(WUW'), ic) U (0', ^) e ' 
To complete the proof of well-definedness, we must show that the cycle (kW, h^N)^kdW 
{—Qi i < / ) *( 7 ?c)) is equivalent to 

(kW, U WW (-Q', ^Mv'c))0(Q,VcY U k(dZ - wk(W0W'),£c) u (Q',VcY' 

This follows from the bordism relation in K*(Y; N) and the existence of the bordism 
{{Z, WOW'), \ ■ (f>*(i))- Thus ind R/z is well-defined. 

Proposition 6.1. The map inda/z : K (Y;<f>) — > coker(g) is an isomorphism. 
Proof. This follows from the Five Lemma and the commutative diagram: 
— ^ ^(YjR/Z) K a (Y) K°(Y;R) K°(Y;R/Z) K X (Y) 

— ^ coker(q 1 ) K°(Y) K°(Y;R) coker(g°) K 1 ^) 

□ 

Returning to the case when Y is a point, the composition of inda/z with the 
map (W, f , f) -t (W, £) gives an R/Z- valued index map on #o(^; R/Z). 

6.2. Index pairings and slant products. A review of K -theory with coefficients 
in R/Z is required before discussing the various index pairings related to our theory. 
In [3], a model for K* (X; R/Z) is constructed using ideas of Karoubi. Cocycles in 
K 1 (X;M./Z) are given by triples, (Vi,V2,<p), where Vi are vector bundle over X 
and a : V\ ®4, N — > V2 <8></> N is an isomorphism of iV-module bundles. In other 
words, the if-theory of X with coefficients in R/Z is given by K*(X; </>) (as defined 
in Section |2~H . 

Proposition 6.2. Let X be a finite CW-complex and Y be a compact Hausdorff 
space. Then, we have well-defined slant product: 

K q (Y x X;R/Z) x K p (X) -> K p+q (Y; R/Z) 

In the case Y = pt, the slant product reduces to an index pairing; an element of 
R/Z is obtained by taking the index of cycle in Ko(pt;R/Z) . 

We give a detailed treatment for the odd slant products; the even products are 
obtained using a similar construction. 

For the slant product K X (Y x X;R/Z) x Ki(X), fix a cocycle, (Vi,V 2 ,ip) £ 
K 1 (Y x X; R/Z), and a cycle, (M, £, /) e JTi(X). Define the slant product at the 
level of cycles to be 

(M x [0, 1], (ir* M (E) ® (f*(Vx) % AT), F, a)) 

where 

(1) ttm '■ M x [0, 1 ] — > M is the projection map; 

(2) F is the vector bundle defined by f*{V x ) on Y x M x {0} and /*(F 2 ) on 
FxMx {!}; 
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(3) a is the identity on the fibers at Y x M x {0} and y on the fibers at 
Y x M x {1}; 

To show that this slant product is well-defined, we must show that it is invariant 
under the relations in both if-thcory and if-homology. Starting with the relations 
in i-T-theory, suppose that (Vi,V2,<p) is an elementary cocycle and that (fit is a 
fixed homotopy from Id^y^ to <p. Let D denote the closed unit disk. Then, the 
bordism 

((M xD,Mx [0, 1]), (7rf 0;1] (/* (Vi) ® £?), ^(^(.r(Vi) ® E)),ht)) 

has boundary given by the slant product of (Vi,V2,<p) with (M,E,f); hence the 
slant product vanishes for elementary cocycles. A similar construction implies that 
the construction respects isomorphism of cocycles. 

Next, consider the relations in the if-homology group. The slant product clearly 
respects the disjoint union operation and relation. For the bordism relation, suppose 
that (W,E,g) is a cycle with boundary, (M,E,f). By straightening the angle, we 
have a smooth compact spin - manifold (with boundary), Z, which is homeomorphic 
(via h) to W x [0, 1]. Moreover, dZ has a regular domain given by M x [0, 1] and 

dZ - (M x (0, 1)) = Wi> - W 

Thus 

<(V 1 ,V 2 ,<p),(M,E,f)> = (M x [0, 1], (~k* m (E) ® (/*(Vi) ®0 N), F, a)) 

= 8(Z,Mx [0,l],((^w o h)*(E) ^ g*(Vt) ^ N,F,a)) 

where 

(1) tt\y : W x [0, 1] — > W is the projection map; 

(2) F is the vector bundle defined by (-E®/*(Vi)) on Wx {0} and (E®f*(V 2 )) 
on W x {1}; 

(3) a is the identity on the fibers at W x {0} and <p on the fibers at W x {1}; 

Finally, for vector bundle modification, let (V\,V2,ip) be a cocycle in K 1 (Y x 
X;R/Z), (M,E,f) be a Baum-Douglas cycle and V be an even rank spin c -vector 
bundle over M. Then, the well-dcfincdness of the slant product follows since 

(M x [0, 1] , {tt* m (E) ® (Vi ^N) ,F,a))~ (M x [0, 1] , {w* M (E) ® {V x ®^N) , F, a))*' {v) 

This completes the proof that the slant product K 1 (Y x X;R/Z) x K\(X) ->• 
K (Y;R/Z) is well-defined. 

For the slant product K X {Y xX)x K^X; R/Z), fix a unitary, !i:r"xI-> U(n), 
and a cycle, (Q, (Eb 2 , Fb 1 , a), f) and define their slant product to be the cycle: 

(W x ^.(tt^^bJ (g (K ®0 ^.^(FbJ ® K, a (8i id)) 

where 

(1) ttw ■ W x S 1 is the projection onto W; 

(2) 14 is the vector bundle obtained by clutching the trivial bundle Y x W x 
[0, 1] x C™ using the automorphism associated to the function uo(idy x f) : 
YxW^U{n). 

The proof that this slant product is well-defined is as follows. Beginning with 
the relations in X-thcory, suppose Ut is a continuous path of unitaries. For any 
t, (ttI v (Eb 2 ) <8 V Ui ,TT*(F Bl ) ® V Ui ,a (8 id) determine the same class in K°(Y x 
W,Y x dW\4>). Since the slant product depends only on the if -theory class in 



21 



ROBIN J. DEELEY 



K°(Y x W, Y X dW; (j>), hence it is independent of the particular unitary representive 
in a class in K 1 (Y x X). 

The relations in K- homology are considered next. The proof for the disjoint 
union/direct sum relation is trivial. For bordism, suppose that (W, (En,Fc,ch), /) 
is the boundary of the bordism ((Q, W), (E' N ,F^, a'),g). Then form the bordism 



(in K (Y- R/Z)) 

(QxS 1 ,WxS 1 ), (ir* Q (E B2 ) ® (V u ^ N), 7r; q _ int(w) (F Bl )®V u ,a'®id)) 



where the notation is as in the definition of the slant product (e.g., ttq : Q x S 1 — > Q 
is the projection map). 

Finally, for the vector bundle modification relation, let V be a spin vector 
bundle over W of even rank. Then the slant product of [u] with (W, (En,Fc, a), f) v 
is given by 



{WxS 1 , (tt* w (E B2 )® (V u ® AT), n* w (F Bl ) g> V u ,a ® id)f*^ 

where p : W x S 1 — > W. This completes the proof that the slant product, K 1 (Y x 
X) x K 1 (X;R/'L) -> K (Y;R/Z) is well-defined. 



6.3. Relationship with Lott's pairing. In [22], Lott discusses a model for K- 

theory with coefficients in K/Z for smooth manifolds using connections and differen- 
tial forms. Again, this construction is based on work of Karoubi. In particular, Lott 
constructs a pairing between AT-theory with coefficients in M/Z and AT-homology 
which is given by the relative rj- invariant. The main goal of this section is a proof 
that the pairing defined in the previous section is equal to Lott's pairing. 

In this section, we must restrict to the case when AT is a smooth manifold. Let 
K Lott (X; M/Z) denote the realization of AT-theory with coefficients in R/Z discussed 
in [35]. We will only discuss the odd pairing in detail. A cocycle in K Lott (X;R/Z) 
is given by ((Vi, Vi), (Vz, Va),^) where V\ and Va are complex Hermitian vector 
bundles, Vi and V2 are Hermitian connections on V\ and Vi respectively, and 
uj e n odd (M)/im(d) such that du = ch(Vi) - ch(V 2 ). 

Recall (see @]) that the isomorphism from K Basu (X;R/Z) to K Lott (X; R/Z) is 
defined at the level of cocycles via 



where 

(1) Vi and V2 are connections on V± and Vi respectively; 

(2) For i = 1 or 2, Vj := Vi <E> I + I <E> d is a A^-bundle connection on Vi (g>0 A^; 

(3) C5j\r(Vi, ip*(Wi)) is the Chern-Simon form associated to the A^-bundle 



Further details on these cocycles and K Lott (X; R/Z) can be found in 22J. The 
reader can find more details on the 77- invariant in [TJ [5] [3] . 

The pairing K Lott (X; R/Z) x Ki(X) -> R/Z is given at the level of cocycle and 




(Vi.Va, ((Vi ) Vi),(V 2 ,V2),C5 JV (Vi,v*(V 2 ))) 



connections Vi and ip*(Vi). 




v(D fHVl) ) -r)(Df*(V 2 )) 




M 



Todd(M) A ch(E) A f*(u>) mod Z 



where 



(1) / is assumed to be a smooth function; 
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(2) Df*(y^ is the Dirac operator on M twisted by E <g> f*(Vi); 

(3) 77(J5 (Vi) ) is t ne ^-invariant associated to Df*^.y, 

(4) T]{D ri y x) ) = T -^i 5 S-^- mod Z. 

Theorem 6.3. Let X be a smooth compact manifold. Then, the following diagram 
commutes: 

Kl asu (X;R/Z) x Kr(X) Ki ott (X;R/Z) x Kx{X) 



K (pt]R/Z) — ^> K/Z 

w/iere 

(1) 77ie vertical maps are the pairings; 

(2) $ : Kjj a ,. u (X; R/Z) -» i^^ ott (X;K/Z) is i/ie isomorphism constructed in 
[4] ('see i/ie introduction of this subsection); 

(3) indjj/z is £/ie index map defined in Section^ 

In other words, the pairing defined in |22| is egua/ to i/ie pairing defined in Section 



Proof. Let (Vi,V2,tp) be a cocycle in Kg asu (X; R/Z), (Af, f?, /) be a Baum-Douglas 
cycle in K X {X), and ((Vi, Vi), (V 2 , V 2 ), CSjv(Vi, </?*(V 2 ))) denote the image of 
(VuV 2 ,tp) under the isomorphism from K^ asu (X; R/Z) to K\ ott (X\ K/Z). To 
streamline the proof, we introduce some notation. Let 7jj denote 7?(.D /»(Vi)) an d J 
denote the cycle (M x [0, 1], (7r*(-E ® /*(Vi)) ®</, iV, F, a); the reader should recall 
the notation of Section 16.21 

In this notation, the proof amounts to showing the following equality: 



ind R/z (S) = m-V2- Todd(Af) A ch(E) A f* (C S N (V 1 , if* (\7 2 ))) 
Jm 

The computation of these indices requires us to fix quite a bit of data. We com- 
plete the proof assuming that (M, E, f) satisfies the property that (Af x {0}UM x 
{1}, E ® f*(Vi)UE (g) /*(V 2 )) is a boundary as a Baum-Douglas cycle over a point. 
The general case can be obtained using the model using i^-theory classes and the 
existence of a normal bordism to a cycle with this property. Let 

(1) (Q, G) be a particular choice of bounding cycle for (Af x {0}UAf x {1}, E<E> 
/*(Vl)UE 

(2) Z be the compact spin c -manifold without boundary Q U (Af x [0, 1]) and 
(Z,Fn) be the cycle in K*(X;N) formed (via clutching the bundles using 
a) from (M x [0, 1], n*(E) $ (/* (Vi))) and (Q,G); 

In addition, the Dirac operators associated to the various manifolds twisted by the 
appropriate vector or von Neumann bundle will be denoted using subscript notation 
(e.g., the Dirac operator on Q will be denote by Dq). Then 

ind R/z (£) = {0,ind N (D QUMx[Ojl] )) e coker(q) 

where g:Q— !>Q/Z©Ris the natural map (see Section [6TTj) . Further geometric 
structures on the manifolds and bundles involved are required. Without loss of 
generality (see [22j Proposition 3]), assume that / is the identity map and E is a 
trivial line bundle (this simplifies notation). 
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(1) Let g be a metric on Z which is a product in a neighbourhood of M x [0, 1] C 
Z; ' 

(2) Fix a connection, Vf on F which is compatible with g; 

(3) Fix an TV-connection, \7 N on Fn which is compatible with g and is equal 
to VF^I + ItSid on fibers over Q C Z. Moreover, choose Vat so that it is 
of the form Vit + (1 - t)tp*(V) 2 on M x [0, 1] where V, := V, <g> i" + I <S> d; 

Using the specific geometric data above, we have 



ind]v(£>QuMx[o,i]) = / Todd(Z)ch N (V N ) ER 

JQUMx[0,1] 

= [ Todd(Q)c/ijv(Viv|Q) 
JQ 

+ f Todd(Af x [0,l])c/i JV (Viv|Mx[o,i]) 

JMx[0.1] 



The isomorphism from coker(g) to R/Z is given by taking the difference of the 
Q/Z-entry and K-cntry mod Z. Thus, 

ind K/z (#) = -indAr(D) mod Z 

The fact that the formula for indAr(DQ UMx [ 01 ]) is local and the specific nature of 
the connections used lead to 

ind R/z (S) = m - m - / Todd(M x [0, l])ch N (V n\m x[o,i]) mod Z 

JMx[0,l] 

The fact that Vat|mx[o,i] = *Vi + (1 — t)tp* (V2), the definition of the Chern-Simon 
form and the fact that the other differential forms involved are pullbacks further 
reduces this expression to 

ind R/z (3) = m-m - I Todd(M)C5iv(Vi,^(V 2 )) mod Z 

J M 

This completes the proof. □ 
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